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1. Introduction and main results
1.1. Throughout A is an Artin algebra, and all modules are ﬁnitely generated. Let A-mod be the
category of left A-modules, and P(A) the full subcategory of A-mod of projective A-modules. An
A-module M is Gorenstein-projective, if there is an exact sequence · · · −→ P−1 −→ P0 d0−−→ P1 −→ · · ·
in P(A), which stays exact under HomA(−, A), and such that M ∼= Kerd0. Denote by A-Gproj the
full subcategory of A-mod of Gorenstein-projective modules. Auslander and Bridger [AB] introduced
these modules under the name modules of G-dimension zero; Enochs and Jenda [EJ1] deﬁned them for
arbitrary modules (not necessarily ﬁnitely generated) over a ring. They are also called totally reﬂexive
modules (see Avramov and Martsinkovsky [AM]); in a commutative noetherian Gorenstein local ring,
they are exactly the maximal Cohen–Macaulay modules.
Gorenstein-projective modules are particular important to the Gorenstein algebras (see [EJ2]).
An Iwanaga–Gorenstein ring, or simply a Gorenstein ring R , is a left and right noetherian ring with
inj.dim R R < ∞ and inj.dim RR < ∞. A Gorenstein ring R is n-Gorenstein if inj.dim R R  n. In this
case inj.dim RR  n (see [I]). An algebra A is Gorenstein if it is a Gorenstein ring.
An additive full subcategory X of A-mod, which is closed under direct summands, is of ﬁnite type
if X has only ﬁnitely many isomorphism classes of indecomposable objects. In particular, if A-Gproj
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CM-ﬁnite if and only if there is a module E such that A-Gproj = add(E), where add(E) is the full
subcategory of A-mod of direct summands of ﬁnite direct sums of copies of E .
1.2. Gorenstein-projective modules receive a lot of attention: they form the basis of Gorenstein
homological algebra (see e.g. [CFH,EJ2,Hol]), they play an important role in the Tate cohomology of al-
gebras (see e.g. [AM,J]), they are widely used in the theory of singularities, as well as stable categories
(see e.g. [B,BGS,BR,CPST,Hap,K]). We are interested in constructing explicitly all Gorenstein-projective
modules, and in investigating criteria for the CM-ﬁniteness of a given algebra. Such information will
be helpful to the understanding of these modules, and to their various applications. We also believe
that in the future work the representation theory of Artin algebra and Gorenstein homological algebra
may have more interactions.
1.3. Given an A-B-bimodule M , consider the upper triangular matrix Artin algebra Λ = ( A AMB
0 B
)
,
with multiplication given by the one of matrices. A Λ-module is identiﬁed with a triple
( X
Y
)
φ
, or
simply
( X
Y
)
if φ is clear, where X is an A-module, Y is a B-module, and φ : M ⊗B Y −→ X is an
A-map. We refer to Auslander, Reiten and Smalø [ARS, p. 73] for the representation theory of Λ. In
particular, let T2(A) =
( A A
0 A
)
. Then a T2(A)-module is a triple
( X
Y
)
φ
, where φ : Y −→ X is in A-mod.
Note that A is n-Gorenstein if and only if T2(A) is (n + 1)-Gorenstein ([FGR]; also [Hap]).
The following result inductively determines all the Gorenstein-projective modules over the T2-
extension of a Gorenstein algebra, and over the upper triangular matrix Artin algebra Λ as above
where A and B are self-injective algebras, and M is an A-B bimodule with AM and MB projective.
Theorem 1.1.
(i) Let A be a Gorenstein Artin algebra. Then a T2(A)-module
( X
Y
)
φ
is Gorenstein-projective if and only if X ,
Y and Cokerφ are Gorenstein-projective A-modules and φ : Y −→ X is injective.
(ii) Let Λ = ( A AMB
0 B
)
with A and B self-injective, and AM and MB projective. Then a Λ-module
( X
Y
)
φ
is
Gorenstein-projective if and only if φ : M ⊗B Y −→ X is injective.
1.4. Let Γ be an algebra. Denote by Ω(Γ ) the full subcategory of Γ -mod of torsionless Γ -modules
(i.e., submodules of projective modules), and by P1Ω(Γ ) the full subcategory of Γ -mod consisting of
torsionless Γ -modules of projective dimension at most one.
Inspired by Auslander’s idea on the representation type of T2-extensions [A, Chapter IV, 3], and
using Theorem 1.1(i) we get the following criterion for the CM-ﬁniteness of the T2-extensions of CM-
ﬁnite Gorenstein algebras.
Theorem 1.2. Let A be a CM-ﬁnite Gorenstein algebra, with A-Gproj = add(E) and Γ = EndA(E)op . If
P1Ω(Γ ) is of ﬁnite type then T2(A) is CM-ﬁnite.
Furthermore, if inj.dim A A  1, then T2(A) is CM-ﬁnite if and only if Ω(Γ ) is of ﬁnite type.
For general descriptions of CM-ﬁniteness of Gorenstein algebras we refer to [C] and [LZ]; for the
geometric motivations of CM-ﬁniteness in commutative local case, we refer to [K,BGS,CPST]; one can
ﬁnd various properties of CM-ﬁnite Gorenstein algebras in [B] and [GZ].
As an application, by using results of Dlab and Ringel in [DR], we get “non-trivial” examples
of CM-ﬁnite Gorenstein algebras A. Here “non-trivial” means A itself is representation-inﬁnite and
gl.dim A = ∞ (otherwise, A is of course CM-ﬁnite).
Corollary-Example 1.3. Let k be an algebraically closed ﬁeld, and n = 4 or 5. Then T2(k[x]/〈xn〉) is a
representation-inﬁnite, CM-ﬁnite Gorenstein algebra of inﬁnite global dimension.
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Rn-Gproj = Rn-mod. Let Γ be the Auslander algebra of Rn . By Lemma 7.1 and Proposition 7.2 in [DR]
Ω(Γ ) is of ﬁnite type if and only if n  5; and Γ is representation-ﬁnite if and only if n  3. So,
if n = 4 or 5, then T2(k[x]/〈xn〉) is CM-ﬁnite by Theorem 1.2; and it is representation-inﬁnite by
Proposition 5.8 in [ARS, p. 216]. 
2. Proof of Theorem 1.1
2.1. By the deﬁnition of a Gorenstein-projective module, we know A-Gproj ⊆ ⊥A, where ⊥A =
{M ∈ A-mod | ExtiA(M, A) = 0, ∀i  1}. One has
Lemma 2.1. (See Enochs and Jenda [EJ2, Corollary 11.5.3].) If A is a Gorenstein algebra then A-Gproj = ⊥A.
2.2. In the rest of this section, A and B are algebras, M = AMB is an A-B-bimodule, such that Λ =( A M
0 B
)
is an Artin algebra. In particular, if A = B and AMB = A AA , then we get Λ = T2(A). Note that a
Λ-map is identiﬁed with a pair
( f
g
) : ( X
Y
)
φ
−→ ( X ′
Y ′
)
φ′ , where f : X −→ X ′ is an A-map, g : Y −→ Y ′
is a B-map, such that f φ = φ′(idM ⊗ g). All of the indecomposable projective Λ-modules are
( P
0
)
and
(M⊗B Q
Q
)
idM⊗B Q
, and all of the indecomposable injective Λ-modules are
( I
HomA(M,I)
)
ϕI
and
( 0
J
)
,
where P and Q range over indecomposable projective A-modules and indecomposable projective B-
modules, respectively, I and J range over indecomposable injective A-modules and indecomposable
injective B-modules, respectively, and ϕI (m ⊗ f ) = f (m), ∀m ∈ M , f ∈ HomA(M, I). We will identify
A ⊗A Q with Q , and HomA(A, I) with I .
2.3. Let A be a Gorenstein algebra with a minimal injective resolution of A A
0−→ A −→ I0 d0−→ I1 −→ · · · dr−1−−→ Ir −→ 0. (1)
Then the projective T2(A)-module
( A
A
)
has a minimal injective resolution
0−→ ( A
A
) (  )−−→ ( I0I0 )
( d0
d0
)
−−−→ ( I1I1 )−→ · · ·
( dr−1
dr−1
)
−−−−→ ( IrIr )−→ 0.
Using this minimal injective resolution, by a routine computation and Lemma 2.1, one sees
Lemma 2.2. Let A be a Gorenstein algebra. Then
ExtiT2(A)
(( X
Y
)
φ
,
( A
A
))= ExtiA(X, A), ∀i  0.
In particular, if
( X
Y
)
φ
is a Gorenstein-projective T2(A)-module, then X is a Gorenstein-projective A-module.
2.4. Let A be a Gorenstein algebra with a minimal injective resolution (1) of A A. It is easy to verify
that (see also Happel [Hap])
0−→ ( A
0
) ( 0 )−−→ ( I0I0 ) ∂0−→ ( I1I1⊕I0 )(1,0) ∂1−→ ( I2I2⊕I1 )(1,0) −→ · · ·
∂r−1−−→ ( Ir )
( 0
(1,dr−1)
)
−−−−−−→ ( 0 )−→ 0 (2)Ir⊕Ir−1 (1,0) Ir
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( A
0
)
, where
∂0 =
( −d0
(
−d0
1 )
)
, ∂i =
( −di(−di 0
1 di−1
)
)
, i = 1, . . . , r − 1.
We simply denote this resolution as
0−→ ( A
0
)−→ Q •. (2)
2.5. For simplicity, we write HomA(M,N) as (M,N) for any A-modules M and N . For an A-map
f : M −→ N and an A-module L, denote the induced map HomA(L, f ) : HomA(L,M) −→ HomA(L,M)
by f L,∗ , or simply by f∗; denote the induced map HomA( f , L) : HomA(N, L) −→ HomA(M, L) by f ∗L ,
or simply by f ∗ .
For a T2(A)-module
( X
Y
)
φ
, where φ : Y −→ X is an A-map, consider the complex
X• : 0−→ Kerφ∗A ∗σ−−→ (X, I0) d0∗−−→ (X, I1) d1∗−−→ · · · dr−1∗−−−→ (X, Ir) −→ 0
where σ : Kerφ∗A −→ HomA(X, A) is the embedding, and the complex
Y • : 0−→ 0−→ (Y , I0) d0∗−−→ (Y , I1) d1∗−−→ · · · dr−1∗−−−→ (Y , Ir) −→ 0.
We emphasize that Kerφ∗A is in the 0-th position, and (Y , I0) is in the 1-st position. Then Φ• : X• −→
Y • is a chain map, where
(
Φ•
)
0 := 0,
(
Φ•
)
i := HomA(φ, Ii−1), i = 1, . . . , r + 1.
Denote the mapping cone of Φ• by C(Φ•), that is,
C
(
Φ•
) : 0 −→ Kerφ∗A −∗σ−−−→ (X, I0)
(−d0∗
φ∗
)
−−−−→ (X, I1) ⊕ (Y , I0)
(−d1∗ 0
φ∗ d0∗
)
−−−−−−→ (X, I2) ⊕ (Y , I1)
−→ · · ·
(−dr−1∗ 0
φ∗ dr−2∗
)
−−−−−−−−−→ (X, Ir) ⊕ (Y , Ir−1) (φ
∗,dr−1∗)−−−−−−→ (Y , Ir) −→ 0.
(So, Kerφ∗A is in the (−1)-st position.) It is clear that H−1(C(Φ•)) = 0 = H0(C(Φ•)).
Lemma 2.3. Let A be a Gorenstein algebra. With the notation above we have
( X
Y
)
φ
∈ ⊥( A
0
)
if and only if C(Φ•)
is acyclic, if and only if Φ• : X• −→ Y • is a quasi-isomorphism.
Proof. Applying HomT2(A)
(( X
Y
)
φ
,−) to (2), we know that ( X
Y
)
φ
∈ ⊥( A
0
)
if and only if the complex
0−→ HomT2(A)
(( X
Y
)
φ
,
( A
0
))−→ HomT2(A)(( XY )φ, Q •) (3)
is acyclic (note that HomT2(A)
(( X
Y
)
φ
,
( A
0
))
is in the (−1)-st position). By routine computations one
can see that this complex is isomorphic to C(Φ•), and then the assertion follows. For convenience we
include the main details. We have isomorphisms
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(( X
Y
)
φ
,
( A
0
))∼= Kerφ∗A; HomT2(A)(( XY )φ, ( I0I0 ))∼= HomA(X, I0);
HomT2(A)
(( X
Y
)
φ
,
( Ii
Ii⊕Ii−1
)
(1,0)
)= {( f( g
f φ
)
) ∣∣∣ f ∈ HomA(X, Ii), g ∈ HomA(Y , Ii−1)
}
∼= HomA(X, Ii) ⊕HomA(Y , Ii−1), i = 1, . . . , r;
and
HomT2(A)
(( X
Y
)
φ
,
( 0
Ir
))∼= HomA(Y , Ir).
These isomorphisms form a chain isomorphism between the complexes (3) and C(Φ•). 
Lemma 2.4. Let A be a Gorenstein algebra. Assume that X is a Gorenstein-projective A-module, and φ : Y −→
X is an arbitrary A-map. Then C(Φ•) is acyclic if and only if Y is a Gorenstein-projective A-module and
φ∗A : HomA(X, A) −→ HomA(Y , A) is surjective.
Proof. By the short exact sequence of complexes 0 −→ Y • (
0
1)−−→ C(Φ•) (1,0)−−−→ X•[1] −→ 0 we have
the long exact sequence
0−→ H−1(C(Φ•))−→ H0(X•)−→ H0(Y •)−→ H0(C(Φ•))−→ H1(X•)−→ H1(Y •)
−→ H1(C(Φ•))−→ H2(X•)−→ · · · −→ Hr(X•)−→ Hr(Y •)−→ Hr(C(Φ•))
−→ Hr+1(X•)−→ Hr+1(Y •)−→ Hr+1(C(Φ•))−→ 0 = Hr+2(X•).
Recall that H−1(C(Φ•)) = 0 = H0(C(Φ•)). Since X is Gorenstein-projective, it follows that the com-
plex
0−→ (X, A) ∗−→ (X, I0) d0∗−−→ (X, I1) d1∗−−→ · · · dr−1∗−−−→ (X, Ir) −→ 0
is acyclic. This means that Hi(X•) = 0 for i = 2, . . . , r + 1 (note that (X, I1) is in the 2-nd position
of X•). So
Hi
(
C
(
Φ•
))∼= Hi(Y •), i = 2, . . . , r + 1; (4)
and
0−→ H1(X•)−→ H1(Y •)−→ H1(C(Φ•))−→ 0
is exact. Since 0 −→ HomA(Y , A) ∗−−→ HomA(Y , I0) d0∗−−→ HomA(Y , I1) is exact, it follows that
H1(Y •) = HomA(Y , A). By construction
H1
(
X•
)= Kerd0∗/ Im(∗σ) = HomA(X, A)/Kerφ∗A ∼= Imφ∗A .
So we have the exact sequence
0 −→ Imφ∗A −→ HomA(Y , A) −→ H1
(
C
(
Φ•
))−→ 0. (5)
Now, by (4) and (5) we see that C(Φ•) is acyclic if and only if φ∗A is surjective and Hi(Y •) = 0,
i = 2, . . . , r + 1; if and only if φ∗A is surjective and Y is a Gorenstein-projective A-module. 
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Lemma 2.5. (See Beligiannis [B, Proposition 3.4].) The functorHomA(−, A) induces an equivalence A-Gproj∼=
Aop-Gproj with a quasi-inverse HomAop (−, A).
2.7. Proof of Theorem 1.1(i). Since T2(A) =
( A
A
) ⊕ ( A
0
)
, by Lemma 2.1
( X
Y
)
φ
is a Gorenstein-
projective T2(A)-module if and only if
( X
Y
)
φ
∈ ⊥( A
A
)
and
( X
Y
)
φ
∈ ⊥( A
0
)
; if and only if X is a Gorenstein-
projective A-module (by Lemma 2.2), and C(Φ•) is acyclic (by Lemma 2.3); if and only if X and Y
are Gorenstein-projective A-modules and φ∗A = Hom(φ, A) : HomA(X, A) −→ HomA(Y , A) is surjective
(by Lemma 2.4).
Assume that X and Y are Gorenstein-projective A-modules and φ∗A = Hom(φ, A) : HomA(X, A) −→
HomA(Y , A) is surjective. Then we have the injective A-map
HomAop
(
φ∗A, A
) : HomAop (HomA(Y , A), A)−→ HomAop (HomA(X, A), A),
by Lemma 2.5 this implies that φ : Y −→ X is injective. Applying HomA(−, A) to the exact sequence
0 −→ Y φ−→ X −→ Cokerφ −→ 0 we see that Cokerφ ∈ ⊥A, i.e., Cokerφ is a Gorenstein-projective
A-module, by Lemma 2.1.
Conversely, if X , Y and Cokerφ are Gorenstein-projective A-modules and φ is injective, then
Ext1A(Cokerφ, A) = 0. Applying HomA(−, A) to the exact sequence 0 −→ Y φ−→ X −→ Cokerφ −→ 0
we see that φ∗A is surjective. This completes the proof of Theorem 1.1(i). 
If A is a self-injective algebra, then every A-module is Gorenstein-projective. So we have
Corollary 2.6. Let A be a self-injective algebra. Then
( X
Y
)
φ
is a Gorenstein-projective T2(A)-module if and only
if φ : Y −→ X is injective.
The modules in Corollary 2.6 have been extensively studied in [RS]. See also [BR, p. 101].
Example 2.7. Let B = T2(A) with A a self-injective algebra. Consider
T2(B) =
( A A A A
0 A 0 A
0 0 A A
0 0 0 A
)
.
By 1.3 a T2(B)-module M can be identiﬁed with a commutative square of A-maps
Y ′
β
φ′
X ′
α
Y
φ
X
(6)
By Theorem 1.1(i) M is a Gorenstein-projective T2(B)-module if and only if
( X
Y
)
φ
,
( X ′
Y ′
)
φ′ , and
Coker
( α
β
) = ( CokerαCokerβ ) are Gorenstein-projective T2(A)-modules, and ( αβ ) : ( X ′Y ′ )φ′ −→ ( XY )φ is a
monomorphism; if and only if φ,φ′,α,β are injective, and the canonical map Cokerβ −→ Cokerα is
injective (by Corollary 2.6).
So, we conclude that if we identify a T2(B)-module M with a commutative square (6), then M
is a Gorenstein-projective T2(B)-module if and only if φ,φ′,α,β are injective, and the commutative
square (6) is the pull-back of (α,φ).
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are injective modules, it follows from the adjoint isomorphisms
HomB
(−,HomA(M, A))∼= HomA(M ⊗B −, A)
and
HomB
(−,HomA(M,M))∼= HomA(M ⊗B −,M)
that HomA(M, A) and HomA(M,M) are injective left B-modules. Thus
( 0
HomA(M,A)
)
and
( 0
HomA(M,M)
)
are injective Λ-modules. It follows that we get a minimal injective resolution
0 −→ ( A
0
) ( id0 )−−→ ( AHomA(M,A)ϕA )
( 0
id
)
−−→ ( 0HomA(M,A))−→ 0, (7)
and a minimal injective resolution
0 −→ (M
B
)
(( 0
id
)
( id

)
)
−−−−→ ( 0
B
)⊕ ( MHomA(M,M))ϕM
(( 0
−
)
,
( 0
id
))
−−−−−−−→ ( 0HomA(M,M))−→ 0, (8)
where  : B −→ HomA(M,M) is the left B-map sending 1 to idM .
Using (7) and (8) we see that Λ is a Gorenstein algebra (one can similarly construct a mini-
mal injective resolution of ΛΛ), with inj.dimΛ Λ = 1. For any Λ-module
( X
Y
)
φ
, recall that for an
A-module N , φ∗N is the map HomA(X,N) −→ HomA(M ⊗B Y ,N) induced by φ : M ⊗B Y −→ X . Us-
ing (7) and (8) we see that there hold
Ext1Λ
(( X
Y
)
φ
,
( A
0
))= HomB(Y ,HomA(M, A))/Υ1
with Υ1 = {g ∈ HomB(Y ,HomA(M, A)) | ϕA(idM ⊗ g) ∈ φ∗A(HomA(X, A))}; and
Ext1Λ
(( X
Y
)
φ
,
(M
B
))= HomB(Y ,HomA(M,M))/Υ2
with
Υ2 =
{−g1 + g2 ∣∣ g1 ∈ HomB(Y , B), g2 ∈ HomB(Y ,HomA(M,M)),
ϕM(idM ⊗ g2) ∈ φ∗M
(
HomA(X,M)
)}
.
Since Λ = ( A
0
) ⊕ (M
B
)
, by Lemma 2.1
( X
Y
)
φ
is a Gorenstein-projective Λ-module if and only if( X
Y
)
φ
∈ ⊥( A
0
)
, and
( X
Y
)
φ
∈ ⊥(M
B
)
; if and only if
Υ1 = HomB
(
Y ,HomA(M, A)
)
, and Υ2 = HomB
(
Y ,HomA(M,M)
)
.
If φ : M⊗B Y −→ X is injective, then φ∗A : HomA(X, A) −→ HomA(M⊗B Y , A) is surjective since A A
is injective, and hence Υ1 = HomB(Y ,HomA(M, A)). Also, φ∗M : HomA(X,M) −→ HomA(M ⊗B Y ,M)
is surjective since AM is injective, it follows that
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{−g1 + g2 ∣∣ g1 ∈ HomB(Y , B), g2 ∈ HomB(Y ,HomA(M,M))}
= HomB
(
Y ,HomA(M,M)
)
.
Conversely, if Υ1 = HomB(Y ,HomA(M, A)), then for any B-map g : Y −→ HomA(M, A), there ex-
ists an A-map f : X −→ A such that
M ⊗B Y
φ
idM⊗g
M ⊗B HomA(M, A)
ϕA
X
f
A
commutes. Note that the adjoint isomorphism ψ : HomB(Y ,HomA(M, A)) ∼= HomA(M ⊗B Y , A) is
given by g −→ “m ⊗ y −→ g(y)(m)”, and that
ϕA(idM ⊗ g)(m ⊗ y) = g(y)(m) = ψ(g)(m ⊗ y),
it follows that the condition Υ1 = HomB(Y ,HomA(M, A)) just says that φ∗A : HomA(X, A) −→
HomA(M ⊗B Y , A) is surjective. So we have the injective A-map
HomAop
(
φ∗A, A
) : HomAop (HomA(M ⊗B Y , A), A)−→ HomAop (HomA(X, A), A).
Since A is self-injective, it follows that the functor HomA(−, A) induces a duality between A-mod
and Aop-mod with dual inverse HomAop (−, A) (see Proposition 3.4(iii) in p. 124 of [ARS]). So we see
that φ : M ⊗B Y −→ X is injective. This completes the proof of Theorem 1.1(ii). 
3. Proof of Theorem 1.2
3.1. The following facts are well known: their proofs are via a standard use of Lemma 2.1.
Lemma 3.1.
(i) If A is a 1-Gorenstein algebra, then A-Gproj is closed under taking submodules.
(ii) If A is an n-Gorenstein algebra (n 2), and
Gn−1
fn−1−−→ Gn−2 −→ · · · −→ G1 f1−→ G0
is an exact sequence in A-Gproj, then Ker fn−1 ∈ A-Gproj.
In particular, if A is 2-Gorenstein, then A-Gproj is closed under taking kernels.
3.2. Let G be an A-module, and Γ = EndA(G)op . We will use the following philosophy of
Yoneda. Consider the functor HomA(G,−) : A-mod −→ Γ -mod. Then HomA(G,−) induces an equiv-
alence add(G) ∼= P(Γ ); and if G ′ ∈ add(G) then f −→ f∗ = HomA(G, f ) gives an isomorphism
HomA(G ′, X) ∼= HomΓ (HomA(G,G ′),HomA(G, X)) (see e.g. [ARS, p. 33]).
Let G be a generator, i.e., P(A) ⊆ add(G). If 0 −→ X f−→ Y g−→ Z is a sequence in A-mod such that
0 −→ HomA(G, X) f∗−−→ HomA(G, Y ) g∗−−→ HomA(G, Z) is exact in Γ -mod, then 0 −→ X f−→ Y g−→ Z is
exact (see e.g. [R]).
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and morphisms from f to f ′ are pairs (g2, g1) of Γ -maps, such that the diagram
P2
g2
f
P1
g1
P ′2
f ′
P ′1
commutes. Let R( f , f ′) be the subgroup of HomMorphP(Γ )( f , f ) consisting of the morphisms
(g2, g1) with the property that there is some h : P1 −→ P ′2 such that g1 = f ′h. Then R gives a
relation on MorphP(Γ ). Denote by MorphP(Γ )/R the corresponding factor category by
HomMorphP(Γ )/R( f , f ′) = HomMorphP(Γ )( f , f )/R( f , f ′). See [ARS, p. 102].
We consider the full subcategory of MorphP(Γ ) given by
C = { f : P2 −→ P1 in P(Γ ) ∣∣ f is injective and Coker f ∈ P1Ω(Γ )},
where Ω(Γ ) is the full subcategory of Γ -mod of torsionless Γ -modules (i.e., submodules of projective
modules), and P1Ω(Γ ) is the full subcategory of Γ -mod consisting of torsionless Γ -modules of
projective dimension at most one. We also consider the full subcategory C/R of MorphP(Γ )/R.
Note that MorphP(Γ ), and hence MorphP(Γ )/R, are a Krull–Schmidt categories [A, p. 571]. Since C
is closed under direct summands in MorphP(Γ ), it follows that C and hence C/R are Krull–Schmidt.
3.4. We need the following lemmas.
Lemma 3.2. Let A be a CM-ﬁnite Gorenstein algebra, with A-Gproj = add(E) and Γ = EndA(E)op . Then
T2(A)-Gproj can be embedded into C , and an object in T2(A)-Gproj is indecomposable if and only if it is
indecomposable as an object in C .
Furthermore, if inj.dim A A  1, then T2(A)-Gproj ∼= C .
Proof. For a Gorenstein-projective T2(A)-module
( X
Y
)
φ
, by Theorem 1.1(i) we get an exact sequence
0 −→ Y φ−→ X −→ Cokerφ −→ 0 of Gorenstein-projective A-modules, and hence an exact sequence
0 −→ HomA(E, Y ) φ∗−−→ HomA(E, X) −→ HomA(E,Cokerφ) of projective Γ -modules. Since Cokerφ∗ is
a submodule of HomA(E,Cokerφ), it follows that Cokerφ∗ ∈ P1Ω(Γ ). Deﬁne F : T2(A)-Gproj −→ C
by
F
(( X
Y
)
φ
)= HomA(E, Y ) φ∗−→ HomA(E, X);
and deﬁne F on morphisms in the natural way. Then F is clearly a fully faithful functor.
If inj.dim A A  1, then we claim that F is dense. In fact, for any object f : P2 −→ P1 in C ,
there exist a unique X ∈ add(E), a unique Y ∈ add(E), and an A-map φ : Y −→ X , such that
P1 = HomA(E, X), P2 = HomA(E, Y ), and f = φ∗ . Since by assumption Coker f ∈ P1Ω(Γ ), there
is Z ∈ add(E) such that Coker f is a submodule of HomA(E, Z). Thus we have an exact sequence
0 −→ HomA(E, Y ) f=φ∗−−−−→ HomA(E, X) −→ HomA(E, Z). Since E is a generator, 0 −→ Y φ−→ X −→ Z
is also exact (see 3.2), and hence Cokerφ is a submodule of Gorenstein-projective module Z . Since
inj.dim A A  1, it follows from Lemma 3.1(i) that Cokerφ is Gorenstein-projective. By Theorem 1.1(i)( X
Y
)
φ
is a Gorenstein-projective T2(A)-module, and by construction F
(( X
Y
)
φ
)
is exactly the object
f : P2 −→ P1. This proves that F is an equivalence. 
Lemma 3.3. Let A be a CM-ﬁnite algebra, with A-Gproj = add(E) and Γ = EndA(E)op . Then there is an
equivalence of categories C/R ∼= P1Ω(Γ ) sending indecomposable objects to indecomposable objects.
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H( f : P2 −→ P1) = Coker f .
By the argument on p. 102 of [ARS], H is fully faithful. It is easy to see that H is dense: for any Y ∈
P1Ω(Γ ), by deﬁnition we have an exact sequence 0 −→ P2 f−→ P1 −→ Y −→ 0, hence f : P2 −→ P1
is an object of C/R, and by construction we have H( f : P2 −→ P1) = Y . By construction H and
hence a quasi-inverse of H are additive functors, it follows that H sends indecomposable objects to
indecomposable objects. 
Lemma 3.4. For any Artin algebra, C is of ﬁnite type if and only if C/R is of ﬁnite type.
Proof. This is essentially proved in the second paragraph of p. 216 in [ARS]. In fact (non-zero) inde-
composable objects in C/R are exactly the indecomposable objects in C which are not isomorphic to
an object id : P −→ P with P indecomposable in P(Γ ). Then the assertion follows from the fact that
C has only ﬁnitely many indecomposable objects of the form id : P −→ P with P indecomposable
in P(Γ ). 
Lemma 3.5. If A is a CM-ﬁnite 2-Gorenstein algebra with A-Gproj = add(E) and Γ = EndA(E)op , then
P1Ω(Γ ) = Ω(Γ ).
Proof. Let Y be an arbitrary Γ -module. Take a projective presentation P1
f−→ P0 −→ Y −→ 0 of Y .
Then there is an A-map h : E1 −→ E0 with E0, E1 ∈ add(E) such that f = HomA(E,h). Put X = Kerh.
It follows from Lemma 3.1(ii) that X ∈ add(E). By the exact sequence of Γ -modules
0−→ HomA(E, X) −→ HomA(E, E1) −→ HomA(E, E0) −→ Y −→ 0
we see that proj.dim Y  2.
Now we prove P1Ω(Γ ) = Ω(Γ ). In fact, for any Z ∈ Ω(Γ ), say, Z is a submodule of projective
Γ -module P ; taking a minimal projective presentation Q 2
g−→ Q 1 −→ Z −→ 0, we get an exact se-
quence Q 2
g−→ Q 1 −→ P −→ P/Z −→ 0. By the argument above we have proj.dim P/Z  2, so g is
injective, and hence Z ∈ P1Ω(Γ ). 
3.5. Proof of Theorem 1.2. The assertion follows from Lemmas 3.2–3.4.
If in addition inj.dim A A  1, then A is a CM-ﬁnite 2-Gorenstein algebra, and then the correspond-
ing assertion follows from Lemmas 3.2–3.5. 
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